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A comparative analysis to study the characteristic properties of charged particle production in
hadron-nucleus collisions at high energies, by utilising the approaches from different statistical mod-
els is performed. Predictions from different approaches using the Negative Binomial distribution,
shifted Gompertz distribution, Weibull distribution and the Krasznovszky-Wagner distribution are
utilised for a comprehensive study of the relative successes of these forms. These distributions are
derived from a variety of functional forms based on either phenomenological parameterizations or
some model of the underlying dynamics. Some of these distributions have been used to study the
highest energy data at the LHC for both proton-proton and nucleus-nucleus collisions.
I. INTRODUCTION
Investigation of charged particle production in colli-
sions of high energy particles has always been of inter-
est. Gradual transition of small number of such parti-
cles produced in fixed target experiments by manifolds
in collider experiments has not diminished this inter-
est. The increase in numbers follows logarithmic rise in
the average values with the increasing energy of colli-
sion in center of mass system (c.m.s.). Several theoreti-
cal and phenomenological studies have explored the dy-
namics of particle production. Numerous statistical mod-
els predicting the trends have been proposed, studied
and used to successfully describe the particle produc-
tion in hadron-hadron (pp and pp), lepton-lepton (e+e−),
hadron-nucleus (hA) and nucleus-nucleus (AA) collisions
over a wide range of c.m.s. energy. Some of the statistical
distributions and their modified forms which have been
widely used are Negative Binomial distribution (NB)
[1], Gamma distribution [2], Tsallis distribution [3, 4],
Weibull distribution (WB) [5–8] etc. In one of our pre-
vious papers, we introduced shifted Gompertz distribu-
tion (SG) for the description of particle production and
have shown that it explains very well the multiplicity
distributions in different kinds of collisions. The mod-
ified version of SG distribution described the data ex-
tremely well as shown in the references [9, 10]. Another
distribution which remarkably well described the data on
hadron-hadron and hadron-nucleus interactions, from a
large number of experiments was Krasznovszky-Wagner
distribution (KW) [11–13].
In this paper, the first study of multiplicity distribu-
tions in hadron-nucleus interactions from fixed target ex-
periments in terms of four distributions namely, NB, SG,
WB and KW is reported. The data used were collected
almost four decades ago from different projectile-target
combinations at different energies. In one of our ear-
lier papers [14] we analysed the data on hadron-nucleus
interactions to study the Tsallis non-extensive entropy
∗Electronic address: manjit@pu.ac.in
model. We reanalyse the data in the light of new con-
cepts. An outline of the models used is described in the
following section. The paper is organised as follows: After
this brief introduction in section I, we describe in section
II the essential steps of all four distributions mentioned
above. Section III gives details of the data used and re-
sults obtained from the comparison of our analysis of
these distributions. Section IV presents the conclusions.
II. PROBABILITY FUNCTIONS AND THE
PARTICLE MULTIPLICITY
The probability of producing n charged particles in an
interaction can be understood in terms of a probability
distribution function (PDF), expressed as P (n|µ˜), where
µ˜ represents a set of parameters which influence the shape
and scale of the PDF. The number of particles produced
are distributed according to some PDF which depend-
ing upon µ˜ produces different types of distributions. We
discuss four such PDFs in the following section;
A. The Negative Binomial (NB) distribution
The experimental results are understood in terms of
distributions of negative binomial form both for total
multiplicities and multiplicities in restricted pseudora-
pidity windows. A plausible explanation of the experi-
mental findings leads to a concept of cluster formation
and an insight in to the properties of clusters. The neg-
ative binomial distribution is characterised by two free
parameters, which determine the mean < n > and shape
k of the distribution. The PDF is given by:
Pn
(
n| < n >, k) = Γ(n+ k)
Γ(n+ 1)Γ(k)
(< n > /k)n
(1+ < n > /k)n+k
(1)
the fit parameters of the distribution are < n > as the
mean value of n and k as the shape parameter.
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2B. Shifted Gompertz (SG) distribution
We introduced the shifted Gompertz distribution to
study its validity for the multiplicity data from pp, pp
and e+e− collisions from various experiments at different
energies [9, 10, 15]. The detailed studies have shown that
SG distribution describes the data trends very well and
the precision is better than NB in several cases. It is de-
fined in terms of the probability density function (PDF)
by two non-negative parameters, b, the scale parameter
and η the shape parameter. Following equations define
the PDF and the mean of the distribution;
Pn
(
n|b, η) = be−bne−(ηe−bn)[1 + η(1− e−bn)] for n > 0
(2)
Mean of the distribution:(
− 1
b
)(
E
[
ln(ζ)
]− ln(η)) where ζ = ηe−bn (3)
and
E
[
ln(ζ)
]
=
[
1 +
1
η
] ∫ ∞
0
e−ζ
[
ln(ζ)
]
dζ
−1
η
∫ ∞
0
ζe−ζ
[
ln(ζ)
]
dζ
(4)
Although SG distribution has been studied recently, with
very good results in hadronic and leptonic interactions,
this is our first attempt to analyse the p/pi−−nucleus
data from the fixed target experiments, in terms of
shifted Gompertz distribution.
C. The two parameter Weibull (WB) distribution
The Weibull distribution was originally proposed as a
model for studying the material breaking strength. It is
commonly used in many fields such as engineering sci-
ences, biology etc. to assess product reliability, analyze
life data and model failure times.
Two different probability distribution functions (PDF)
of Weibull exist; one having three free parameters and
another having two free parameters. Weibull distribution
can also be fitted to non-symmetrical data. The two pa-
rameter Weibull has been used during the last few years
to describe the collision data from high energy experi-
ments [6–8].
The PDF of a Weibull random variable is:
Pn
(
n|λ,K) =
Kλ
(
n
λ
)(K−1)
exp−(
n
λ
)K n ≥ 0
0 n < 0
(5)
The standard Weibull has a scale parameter λ > 0 and a
shape parameter K > 0 for its two free parameters. The
mean of the distribution function is given by:
n¯ = λΓ
(
K + 1
K
)
(6)
D. The Krasznovszky-Wagner (KW) distribution
This distribution based on the generalized geometrical-
optical model in the impact parameter representation [11,
12] has three free parameters; a mean < n > and two
others, m and A:
The PDF of the distribution is:
Pn
(
n| < n >,m,A) = mF (A)AzmA−1e−F (A)zm
< n > Γ(A)
(7)
where z = n/ < n > and
F (A) =
Γm(A+ 1/m)
Γm(A)
(8)
The distribution have been used to study for e+e−, pp
and particle production in pi − p interactions mainly in
the context of KNO scaling [11–13].
III. MOMENTS OF MULTIPLICITY
DISTRIBUTIONS
The shape of the charged particle multiplicity distri-
bution is dependent on the mechanism of particle pro-
duction and hence serves as a fundamental tool to study
the production dynamics. It is well established that in the
case of independent emission of single particles, the shape
is Poissonian. Any deviations from this shape points to
the presence of correlations [16]. To study the shape,
we use normalised moments Cq, and normalised facto-
rial moments Fq defined as:
Cq =
〈nq〉
〈n〉q (9)
Fq =
〈n(n− 1).......(n− q + 1)〉
〈n〉q (10)
The multiplicity distribution shape is rather non-trivial
in terms of its dependence on the interaction energy. A
scaling behaviour was predicted by Koba−NielsenOlesen
(KNO) [17] which means that probability distributions at
all energies fall on to one curve when plotted as a func-
tion of a variable z = n/ < n >. Study of moments of
distribution reveals that if the scaling hypothesis holds,
the moments Cq, equation (9) are independent of en-
ergy. And if the moments depend upon energy, the KNO
scaling breaks down. The moments Fq equation (10) show
correlations in the production of up to q particles. For
the particle distribution following Poissonian shape, all
Fq are equal to unity. The distribution becomes broader
if the particles are correlated, and narrower if they are
anti-correlated. In case of a positive(negative) correlation
the Fq are more(less) than unity.
3IV. RESULTS
The following sections describe the data analysed and
the distributions used.
A. The data used
The above mentioned distributions have been used to
study the interaction dynamics by fitting the data from
different varieties of collider data such as e+e− at LEP,
pp and heavy ion data at the Large Hadron Collider
(LHC). The study of nuclear interactions has been re-
cently done by using different types of heavy ions such
as Au, Pb etc. at the LHC. In the present work we
extend the analysis to check the validity of these dis-
tributions in hadron-nucleus interactions in fixed target
experiments using nuclear emulsion as a target. Nuclear
emulsion acts as a photographic film, capable of record-
ing three-dimensional tracks of charged particles with
submicron spatial resolution, which can be studied un-
der a microscope. The emulsion consists of silver bro-
mide (AgBr) crystals dispersed in a gelatin layer which
contains carbon, nitrogen and oxygen atoms. The pro-
jectile can undergo interaction with any one of these nu-
clei. On the average the interaction of the projectile is es-
timated as an interaction of the projectile with a nucleus
of atomic weight 72. The latest usage of emulsion tech-
nology has been in the OPERA experiment [18], which
aims at a direct observation of tau neutrino appearance
in a pure muon neutrino beam. The data used for the
present study, are though old, and at relatively lower
center of mass energies, carry valuable information suit-
able for testing new models. In addition, for comparison,
we also use the conventional NB distribution which has
been the most frequently tested for almost all types of
interactions. We present analysis of the following inelas-
tic interactions from the fixed target experiments using
p or pi± as the projectile.
(i) A set of p-Em interactions at PLab = 27, 67, 200, 300,
400 and 800 GeV [19–23].
(ii) p-Au interactions at PLab = 200 GeV [24].
(iii) A set of pi−-Em interactions at PLab = 50, 200, 340
and 525 GeV [25–28].
The data for 50 GeV and 340 GeV pi−-Em interac-
tions are our own data, collected using nuclear emulsion
stacks. In one case, the emulsion stack was irradiated by
a 50 GeV pi−beam under the effect of a strong pulsed
magnetic field of intensity 180 KOe and is of a unique
kind. The magnetic field was used for identifying the
charged particles from the curvatures of the tracks pro-
duced.
(iv) pi±-Ne interactions at PLab = 30 and 64 GeV [29].
V. COMPARISON OF PDFS OF DIFFERENT
DISTRIBUTIONS OF MULTIPLICITY
The experimental data of hadron-nucleus inelastic col-
lisions mentioned in the previous section, are studied in
terms of various distributions:
The PDFs from the Negative Binomial, shifted Gom-
pertz, two parameter Weibull and Krasznovszky-Wagner
distributions, are calculated by using equations (1), (2),
(5) and (7). Minimum χ2 fits to the p-Em/Au data are
shown in figure 1. Table I gives the parameters of the
fits for all the distributions and a comparison of corre-
sponding χ2/ndof and p-values is given in table II. The
minimum χ2 fits were done by using CERN data analysis
framework ROOT6.19.
For p-Em/Au interactions, one finds that NB, SG and
KW distributions reproduce the data very well at almost
all the energies with SG giving the best result with low-
est χ2/ndof . Out of the four, WB distribution gives rea-
sonable fit results at the lower energies but fails com-
pletely at the highest energies with p-values correspond-
ing to CL < 0.01% making the fits statistically excluded
at these energies. The detailed comparison between the
three functions, NB, SG and KW shows that the χ2/ndof
values are roughly comparable and fits have p-values cor-
responding to CL > 0.1% in each case.
Figure 2 shows the dependence of shape parameter on
the projectile energy (PLab) for each of the distributions
for p-Em interactions. It is observed that the shape pa-
rameter increases slowly with PLab. The dependence is
almost linear. However for the NB distribution, scale pa-
rameter measures the average multiplicity, as shown in
equation (1) which then must coincide with the mean
value of the distribution. This makes the shape param-
eter a bit less flexible for fitting procedure. The depen-
dence is parameterised as shown in equation (11) and the
fit parameters (p0 and p1) are given in table III.
shape-parameter = p0 + p1 ∗ (PLab) (11)
Figures 3 shows the data and fits to NB, SG, WB,
KW distributions for pi−-Em and pi±-Ne interactions
at various energies. Parameters of the fit and χ2/ndof
and p-values are given in the tables I and II. We find
that the data for pi−-Em interactions at 340 GeV and
pi±-Ne at 30 GeV are statistically excluded with p-values
corresponding to CL < 0.01% for almost all distribu-
tions. However, while SG distribution fits most of the
data well at all energies, KW produces the best χ2/ndof
value for most of the data. Figure 4 shows the dependence
of shape parameter of each distribution on PLab. Again,
it is observed that the dependence is almost linear. How-
ever, due to very few data points, the fits suffer from
large uncertainties. Parameters of the linear fits (p0 and
p1) are given in table III. Though the χ
2/ndof is very
large on account of very low number of fit points, yet it
shows the trends how the shape parameter changes with
energy, in both p-Em and pi−-Em interactions.
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FIG. 1: Data (points) on charged particle multiplicity in in-
elastic p-Em/Au collisions in fixed target experiments, with
different projectile energies, fitted with NB, SG, WB and KW
distributions (solid lines).
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FIG. 2: Comparison of the shape parameter of NB, SG, WB
and KW distributions in inelastic p-Em collisions at different
energies.
Figures 5 shows the dependence of average charged
particle multiplicity < n >, calculated from different dis-
tributions fitted to the data, on projectile energy PLab
for p-Em and pi−-Em interactions. The dependence is
parameterised as a quadratic equation in ln (PLab) as
shown in equation (12). The fit parameters are given in
table V. We compare in table IV the values of < n >,
expected from different distribution fits with the experi-
mentally measured values [19–29]. It is observed that in
most of the cases, the two values are in agreement to
each other, within the limits of error. This shows that
the distributions represent the data very well.
< n > = a+ b ∗ (lnPLab) + c ∗ (lnPLab)2 (12)
Figures 6 and 7 show the dependence of normalised
moments Cq on PLab in p-Em and pi
−-Em interactions,
at different energies. Comparison between data and fit
values for different distributions is shown for each fitted
distribution. The values of the Cq moments are given
in tables VI−X. It may be observed that the moments
are nearly independent of energy. This confirms that
the KNO scaling is valid up to this energy range. The
center-of-mass energy of the p-Em interaction for PLab =
800 GeV is approximately 335 GeV, assuming the average
atomic weight of emulsion as 72. Even for the pi±-Ne, it
was shown in [29] that the KNO scaling is approximately
satisfied.
Figures 8 and 9 show the dependence of normalised
factorial moments Fq on PLab in p-Em and pi
−-Em inter-
actions, at different energies. Comparison between data
and fit values for different distributions is shown for each
fitted distribution. The values of the moments are given
in tables VI−X. It may be observed that the factorial
moments are all greater than unity. This indicates that
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FIG. 3: Data on charged particle multiplicity distributions
in inelastic pi−-Em and pi±-Ne collisions at different energies
with fits from NB, SG, WB and KW distributions.
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FIG. 6: Normalised moments calculated from the data and
from NB, SG, WB and KW fit distributions in inelastic p-Em.
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FIG. 7: Normalised moments calculated from the data and of
NB, SG, WB and KW fit distributions in inelastic pi−-Em.
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FIG. 8: Normalised factorial moments calculated from the
data and of NB, SG, WB and KW fit distributions in inelastic
p-Em.
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FIG. 9: Normalised factorial moments calculated from the
data and of NB, SG, WB and KW fit distributions in inelastic
pi−-Em.
8the particles produced are correlated and the interaction
dynamics is influenced by these correlations. No distribu-
tion has Fq smaller than unity, prohibiting the negative
correlations.
VI. CONCLUSION
A detailed analysis to compare the multiplicity spec-
tra of charged particles produced in p/pi-nucleus inter-
actions in the fixed target experiments, with projec-
tile energies ranging from 27 GeV to 800 GeV, has
been done in the framework of the Negative Binomial,
the shifted-Gompertz, the Weibull distributions and the
Krasznovszky-Wagner distribution. The relevance of the
comparison is on account of the similar nature of these
distributions, whereby each of these distributions has two
free parameters. It is interesting to revisit the old data
collected with the visual detectors which offers an op-
portunity to test and study the particle production with
new concepts. During the times when these data were col-
lected, the particle production at different energies was
studied in terms of KNO scaling [17, 30]. The understand-
ing in terms of NB distribution came into picture much
later, and was used mostly for the data from colliders. Of-
ten, owing to the success of NB, it became a benchmark
with respect to which the performance of other distribu-
tions were studied. Our analysis of the data in terms
of Negative Binomial, shifted Gompertz, the Weibull
and the Krasznovszky-Wagner distributions shows that
all four distributions produce acceptable fits in terms of
p-values and NB is not superior in its performance. How-
ever, none of these is an obvious choice to be used for
different projectiles and data at all energies. The analy-
sis of normalised moments and the normalised factorial
moments shows that KNO scaling is valid up to these en-
ergies, the particles produced have positive correlations
which leads to the interaction dynamics being influenced
by these correlations.
[1] P. Carruthers, C.C. Shih, P. Carruthers, F. Zachariasen,
Int. J. Mod. Phys A2 (1987) 1447.
[2] K. Urmossy, G.G. Barnafo¨ldi and T.S. Biro`, Phys. Lett.
B701, 111 (2011).
[3] C. Tsallis, J. Stat.Phys. 52, 479 (1988).
[4] C.E. Agu¨iar and T. Kodama, Physica A 320, 271 (2003).
[5] W. Weibull, J. Appl. Mech. 18, 293 (1951).
[6] Sadhana Dash, Basanta K. Nandi and Priyanka Sett,
Phys. Rev. D 93, 114022 (2016).
[7] Sadhana Dash, Basanta K. Nandi and Priyanka Sett,
Phys. Rev. D 94, 074044(2016).
[8] Ranjit Nayak and Sadhana Dash, J. of Physics G: Nu-
clear and Particle Physics, 46, no.7, 075003 (2019).
[9] Ridhi Chawla and M. Kaur, Advances in High Energy
Physics, 2018, Article ID 5129341 (2018).
[10] Aayushi Singla and M. Kaur, Advances in High Energy
Physics, 2019, Article ID 5192193 (2019).
[11] S. Krasznovszky and I. Wagner, Phys. Lett. B 213, 103
(1988).
[12] S. Krasznovszky and I. Wagner, Phys. Lett. B 295, 320
(1992).
[13] L. Disi, S. Krasznovszky, I. Wagner, Phys. Lett. B, 454,
381 (1999).
[14] S. Sharma, M. Kaur and S. Thakur, Int. J. of Mod. Phys.
E 26, 1750006 (2017).
[15] R. Aggarwal and M. Kaur, Advances in High Energy
Physics, 2020, Article ID 5464682, (2020).
[16] E.A. De Wolf, I.M. Dremin and W. Kittel,Phys. 270, 1
(1996).
[17] Z. Koba, H. B. Nielsen and P. Olesen, Nuc. Phys. B, 40
317 (1972).
[18] Kunihiro Morishima, ScienceDirect, Physics Procedia,
80, 19 (2015).
[19] A. Barbaro-Galtieri et al, Nuovo Cim. 21 469 (1961).
[20] J. Babecki et al, Phys. Lett. B 47 268 (1973).
[21] J. Hebert et al, Phys. Rev. D, 15 1867 (1977).
[22] E.G. Boos et al (AAGMT Collaboration), Nuc. Phys. B.
143 232 (1978).
[23] A. Abduzhamilov et al, Phys. Rev. D, 35 3537 (1987).
[24] D.H. Brick et al, Phys. Rev. D 39 (1989)2484.
[25] V. Kumar et al, Phys. Soc. Japan, 44 1078 (1978).
[26] Z.V. Anzon et al, Nuc. Phys. B, 129 205 (1977).
[27] M. El-Nadi et al, Phys. Rev. D 27 12 (1983).
[28] M. L. Cherry et al, Phys. Rev. D, 50 4272 (1994).
[29] C.D. Rees et al, Z. Phys. C, 17 95 (1983).
[30] R. Szwed and G. Wrochna, Z. Phys. C - Particles and
Fields 47, 449 (1990).
9Energy (GeV) NB SG WB KW
Scale Shape Scale Shape Scale Shape Scale Shape
p-Em
27 7.009 ± 0.118 5.708 ± 0.556 0.308 ± 0.009 3.964 ± 0.349 7.858 ± 0.129 1.886 ± 0.054 6.977 ± 0.117 0.929 ± 0.047
67 10.521 ± 0.284 4.103 ± 0.526 0.193 ± 0.010 3.263 ± 0.456 11.595 ± 0.300 1.844 ± 0.087 10.238 ± 0.266 0.888 ± 0.070
200 13.507 ± 0.357 3.181 ± 0.284 0.145 ± 0.007 2.812 ± 0.313 14.841 ± 0.380 1.712 ± 0.067 13.048 ± 0.330 0.816 ± 0.051
300 15.354 ± 0.232 3.241 ± 0.139 0.131 ± 0.003 3.044 ± 0.160 17.159 ± 0.254 1.757 ± 0.033 15.235 ± 0.230 0.845 ± 0.024
400 16.824 ± 0.199 3.715 ± 0.137 0.127 ± 0.003 3.631 ± 0.158 18.682 ± 0.211 1.896 ± 0.030 16.530 ± 0.187 0.952 ± 0.024
800 19.746 ± 0.350 3.676 ± 0.164 0.111 ± 0.003 3.892 ± 0.195 22.087 ± 0.371 1.945 ± 0.037 19.500 ± 0.333 0.995 ± 0.029
p-AU
200 16.466 ± 1.183 1.994 ± 0.315 0.097 ± 0.012 1.478 ± 0.408 17.893 ± 1.177 1.419 ± 0.110 15.859 ± 0.997 0.602 ± 0.073
pi−-Em
50 8.481 ± 0.147 6.647 ± 0.740 0.268 ± 0.009 4.573 ± 0.464 9.516 ± 0.162 2.061 ± 0.067 8.435 ± 0.145 1.046 ± 0.059
200 11.705 ± 0.239 4.121 ± 0.350 0.178 ± 0.007 3.492 ± 0.318 12.997 ± 0.259 1.869 ± 0.060 11.502 ± 0.231 0.915 ± 0.047
340 13.178 ± 0.254 5.357 ± 0.436 0.179 ± 0.007 4.972 ± 0.422 14.764 ± 0.276 2.103 ± 0.063 13.084 ± 0.245 1.123 ± 0.056
525 15.620 ± 0.221 4.612 ± 0.237 0.146 ± 0.004 4.498 ± 0.244 17.386 ± 0.242 2.080 ± 0.044 15.397 ± 0.215 1.097 ± 0.036
pi+-Ne
30 6.083 ± 0.062 9.625 ± 0.796 0.391 ± 0.006 5.202 ± 0.258 6.874 ± 0.068 2.066 ± 0.038 6.114 ± 0.061 1.080 ± 0.035
64 7.546 ± 0.117 7.183 ± 0.728 0.305 ± 0.008 4.755 ± 0.371 8.474 ± 0.129 2.057 ± 0.057 7.531 ± 0.116 1.076 ± 0.051
pi−-Ne
30 5.998 ± 0.054 6.956 ± 0.404 0.373 ± 0.005 4.387 ± 0.188 6.777 ± 0.060 1.905 ± 0.029 6.016 ± 0.054 0.941 ± 0.027
64 7.772 ± 0.131 6.091 ± 0.619 0.282 ± 0.009 4.136 ± 0.348 8.692 ± 0.141 1.994 ± 0.061 7.715 ± 0.127 1.016 ± 0.052
TABLE I: Scale and shape parameters for NB, SG, WB and KW distributions.
Energy (GeV) NB SG WB KW
χ2/ndof p-value χ
2/ndof p-value χ
2/ndof p-value χ
2/ndof p-value
p-Em
27 1.00 (19.01/19) 0.4561 0.95 (18.10/19) 0.5156 1.38 (26.24/19) 0.1238 1.49 (28.27/19) 0.0785
67 1.12 (25.67/23) 0.3169 1.09 (24.96/23) 0.3521 1.19 (27.37/23) 0.2405 1.22 (28.08/23) 0.2128
200 0.90 (28.80/32) 0.6295 0.83 (26.50/32) 0.7412 1.18 (37.83/32) 0.2203 1.34 (42.94/32) 0.0938
300 1.23 (49.30/40) 0.1488 1.26 (50.51/40) 0.1232 1.78 (71.30/40) 0.0017 2.11 (84.53/40) 0.0001
400 1.28 (52.41/41) 0.1091 1.25 (51.30/41) 0.1300 2.38 (97.61/41) < 0.0001 2.56 (105.16/41) < 0.0001
800 1.60 (75.02/47) 0.0058 1.70 (80.06/47) 0.0019 2.37 (111.35/47) < 0.0001 2.41 (113.35/47) < 0.0001
p-AU
200 0.67 (4.67/7) 0.6998 0.73 (5.14/7) 0.6432 0.77 (5.36/7) 0.6159 1.03 (7.18/7) 0.4109
pi−-Em
50 1.59 (34.96/22) 0.0391 1.99 (43.73/22) 0.0038 1.65 (36.29/22) 0.0283 1.66 (36.51/22) 0.0268
200 1.06 (32.82/31) 0.3778 0.97 (30.02/31) 0.5163 1.25 (38.85/31) 0.1572 1.30 (40.27/31) 0.1231
340 2.55 (71.48/28) < 0.0001 2.42 (67.65/28) < 0.0001 3.07 (86.03/28) < 0.0001 2.98 (83.37/28) < 0.0001
525 1.18 (54.10/46) 0.1927 0.99 (45.75/46) 0.4825 1.93 (88.88/46) 0.0002 1.83 (83.97/46) 0.0005
pi+-Ne
30 5.57 (89.06/16) < 0.0001 7.42 (118.79/16) < 0.0001 5.98 (95.74/16) < 0.0001 5.84 (93.46/16) < 0.0001
64 1.74 (31.35/18) 0.0262 1.94 (34.90/18) 0.0097 2.13 (38.35/18) 0.0035 2.06 (37.05/18) 0.0052
pi−-Ne
30 2.72 (46.31/17) 0.0002 3.62 (61.57/17) < 0.0001 3.78 (64.20/17) < 0.0001 4.09 (69.45/17) < 0.0001
64 1.13 (19.24/17) 0.3148 1.31 (22.32/17) 0.1728 1.38 (23.45/17) 0.1350 1.37 (23.37/17) 0.1377
TABLE II: Comparison of χ2/ndof and p-values for NB, SG, WB and KW distributions.
p-Em pi−-Em
Distribution p0 p1 χ
2/ndof p0 p1 χ
2/ndof
NB 3.5021 0.0001 6.17 (24.67/4) 5.0414 -0.0008 5.74 (11.48/2)
SG 3.0744 0.0009 3.38 (13.51/4) 3.8972 0.0012 4.19 (8.39/2)
WB 1.7781 0.0002 3.53 (14.11/4) 1.9626 0.0002 4.02 (8.05/2)
KW 0.8412 0.0002 2.97 (11.86/4) 0.9599 0.0003 3.78 (7.56/2)
TABLE III: Fit parameters, equation (11) giving dependence of shape parameters on PLab for different distributions.
10
Energy (GeV) < n >exp < n >NB < n >SG < n >WB < n >KW
p-Em
27 6.23 ± 0.20 7.01 ± 0.12 7.33 ± 0.01 6.97 ± 0.11 6.98 ± 0.12
67 9.73 ± 0.23 10.52 ± 0.28 10.42 ± 0.03 10.30 ± 0.25 10.24 ± 0.27
200 13.2 ± 0.2 13.51 ± 0.36 12.91 ± 0.04 13.24 ± 0.31 13.05 ± 0.33
300 15.1 ± 0.2 15.35 ± 0.23 14.89 ± 0.05 15.28 ± 0.21 15.24 ± 0.23
400 16.8 ± 0.4 16.82 ± 0.20 16.41 ± 0.05 16.58 ± 0.18 16.53 ± 0.19
800 19.37 ± 0.37 19.75 ± 0.35 19.06 ± 0.13 19.59 ± 0.32 19.50 ± 0.33
p-AU
200 21.6 ± 1.20 16.47 ± 1.18 15.51 ± 0.24 16.27 ± 0.88 15.86 ± 1.00
pi−-Em
50 8.39 ± 0.25 8.48 ± 0.15 8.56 ± 0.01 8.43 ± 0.14 8.43 ± 0.15
200 11.94 ± 0.34 11.71 ± 0.24 11.72 ± 0.05 11.54 ± 0.22 11.50 ± 0.23
340 13.34 ± 0.59 13.18 ± 0.25 12.96 ± 0.08 13.08 ± 0.24 13.08 ± 0.25
525 15.93 ± 0.22 15.62 ± 0.22 15.58 ± 0.07 15.40 ± 0.21 15.40 ± 0.21
pi+-Ne
30 6.27 ± 0.06 6.08 ± 0.06 6.27 ± 0.01 6.09 ± 0.06 6.11 ± 0.06
64 7.72 ± 0.11 7.55 ± 0.12 7.70 ± 0.02 7.51 ± 0.11 7.53 ± 0.12
pi−-Ne
30 6.28 ± 0.05 6.00 ± 0.05 6.26 ± 0.01 6.01 ± 0.05 6.02 ± 0.05
64 7.93 ± 0.11 7.77 ± 0.13 7.89 ± 0.02 7.70 ± 0.12 7.71 ± 0.13
TABLE IV: Comparison of average charged multiplicity < n > derived from different distributions with the experimentally
measured values.
p-Em pi−-Em
Distribution a b c χ2/ndof a b c χ
2/ndof
NB -1.2529 1.9289 0.1786 2.08 (6.23/3) 17.1065 -5.4421 0.8280 2.69 (2.69/1)
SG 0.7924 1.1187 0.2257 2.71 (8.13/3) 16.5492 -5.7465 0.8703 18.23 (18.23/1)
WB -0.3299 1.5108 0.2172 2.24 (6.73/3) 16.8992 -5.3383 0.8116 1.99 (1.99/1)
KW 0.1983 1.2767 0.2396 2.26 (6.78/3) 17.6899 -5.6651 0.8438 1.61 (1.61/1)
TABLE V: Fit parameters, equation (12) giving dependence of average multiplicity on PLab for different distributions.
Normalised moments (Exp) Normalised factorial moments (Exp)
Energy (GeV) C2 C3 C4 C5 F2 F3 F4 F5
p-Em
27 1.217 ± 0.150 1.874 ± 0.282 3.378 ± 0.630 6.935 ± 1.581 1.087 ± 0.139 1.414 ± 0.233 2.083 ± 0.452 3.413 ± 0.943
67 1.279 ± 0.256 1.943 ± 0.414 3.350 ± 0.757 6.336 ± 1.503 1.184 ± 0.240 1.597 ± 0.353 2.363 ± 0.569 3.714 ± 0.960
200 1.328 ± 0.264 2.207 ± 0.461 4.280 ± 0.922 9.383 ± 2.037 1.252 ± 0.252 1.909 ± 0.410 3.335 ± 0.748 6.489 ± 1.481
300 1.328 ± 0.188 2.159 ± 0.324 4.019 ± 0.630 8.260 ± 1.332 1.262 ± 0.181 1.900 ± 0.293 3.213 ± 0.525 5.883 ± 1.003
400 1.318 ± 0.152 2.087 ± 0.255 3.759 ± 0.477 7.410 ± 0.957 1.257 ± 0.146 1.853 ± 0.231 3.046 ± 0.401 5.369 ± 0.727
800 1.307 ± 0.221 2.041 ± 0.356 3.593 ± 0.634 6.854 ± 1.201 1.255 ± 0.213 1.843 ± 0.327 2.994 ± 0.542 5.170 ± 0.936
p-Au
200 1.485 ± 0.339 2.770 ± 0.628 5.943 ± 1.285 13.958 ± 2.756 1.422 ± 0.328 2.494 ± 0.579 4.951 ± 1.106 10.554 ± 2.174
pi−-Em
50 1.189 ± 0.196 1.882 ± 0.360 3.433 ± 0.766 7.017 ± 1.784 1.082 ± 0.183 1.484 ± 0.305 2.270 ± 0.567 3.778 ± 1.106
200 1.305 ± 0.245 2.079 ± 0.431 3.813 ± 0.866 7.759 ± 1.888 1.220 ± 0.233 1.758 ± 0.380 2.846 ± 0.689 4.986 ± 1.318
340 1.213 ± 0.215 1.832 ± 0.337 3.109 ± 0.585 5.721 ± 1.077 1.141 ± 0.204 1.567 ± 0.296 2.351 ± 0.459 3.709 ± 0.734
525 1.309 ± 0.220 2.137 ± 0.423 4.172 ± 0.954 9.392 ± 2.371 1.246 ± 0.213 1.898 ± 0.390 3.421 ± 0.825 7.046 ± 1.888
pi+-Ne
30 1.236 ± 0.090 1.810 ± 0.159 3.042 ± 0.337 5.732 ± 0.803 1.076 ± 0.082 1.269 ± 0.126 1.630 ± 0.222 2.253 ± 0.420
64 1.249 ± 0.153 1.849 ± 0.257 3.124 ± 0.500 5.856 ± 1.068 1.119 ± 0.141 1.396 ± 0.210 1.901 ± 0.346 2.758 ± 0.599
pi−-Ne
30 1.254 ± 0.076 1.889 ± 0.139 3.282 ± 0.301 6.389 ± 0.728 1.094 ± 0.070 1.339 ± 0.111 1.800 ± 0.202 2.596 ± 0.388
64 1.246 ± 0.155 1.826 ± 0.249 3.029 ± 0.456 5.525 ± 0.910 1.119 ± 0.142 1.385 ± 0.202 1.849 ± 0.310 2.594 ± 0.495
TABLE VI: Normalised moments Cn and normalised factorial moments Fn of experimental multiplicity distributions at different
energies with different projectiles.
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Normalised moments (NB) Normalised factorial moments (NB)
Energy (GeV) C2 C3 C4 C5 F2 F3 F4 F5
p-Em
27 1.190 ± 0.031 1.788 ± 0.020 3.082 ± 0.023 5.923 ± 0.168 1.061 ± 0.028 1.335 ± 0.013 1.843 ± 0.022 2.731 ± 0.099
67 1.220 ± 0.042 1.840 ± 0.018 3.134 ± 0.058 5.844 ± 0.285 1.127 ± 0.039 1.505 ± 0.015 2.191 ± 0.044 3.371 ± 0.177
200 1.237 ± 0.026 1.972 ± 0.008 3.587 ± 0.119 7.219 ± 0.467 1.165 ± 0.025 1.697 ± 0.006 2.753 ± 0.093 4.834 ± 0.322
300 1.285 ± 0.019 2.058 ± 0.004 3.766 ± 0.049 7.609 ± 0.221 1.220 ± 0.018 1.808 ± 0.004 3.001 ± 0.039 5.392 ± 0.158
400 1.257 ± 0.014 1.934 ± 0.003 3.371 ± 0.035 6.431 ± 0.148 1.198 ± 0.014 1.712 ± 0.003 2.715 ± 0.028 4.619 ± 0.107
800 1.221 ± 0.020 1.848 ± 0.006 3.148 ± 0.038 5.840 ± 0.169 1.171 ± 0.020 1.662 ± 0.007 2.605 ± 0.030 4.365 ± 0.125
p-Au
200 1.430 ± 0.049 2.628 ± 0.073 5.541 ± 0.542 12.803 ± 2.198 1.368 ± 0.049 2.359 ± 0.063 4.589 ± 0.446 9.595 ± 1.647
pi−-Em
50 1.112 ± 0.022 1.692 ± 0.004 2.922 ± 0.082 5.562 ± 0.313 1.009 ± 0.020 1.324 ± 0.004 1.888 ± 0.061 2.856 ± 0.182
200 1.255 ± 0.026 1.988 ± 0.002 3.626 ± 0.096 7.369 ± 0.393 1.173 ± 0.025 1.679 ± 0.002 2.702 ± 0.076 4.733 ± 0.267
340 1.094 ± 0.026 1.599 ± 0.011 2.612 ± 0.035 4.633 ± 0.165 1.027 ± 0.025 1.356 ± 0.010 1.943 ± 0.027 2.932 ± 0.107
525 1.225 ± 0.020 1.853 ± 0.006 3.212 ± 0.042 6.207 ± 0.193 1.163 ± 0.019 1.624 ± 0.005 2.551 ± 0.035 4.392 ± 0.142
pi+-Ne
30 1.185 ± 0.021 1.705 ± 0.016 2.790 ± 0.005 5.075 ± 0.075 1.032 ± 0.019 1.190 ± 0.010 1.473 ± 0.008 1.930 ± 0.042
64 1.204 ± 0.030 1.749 ± 0.020 2.880 ± 0.016 5.238 ± 0.128 1.077 ± 0.028 1.312 ± 0.014 1.727 ± 0.015 2.402 ± 0.073
pi−-Ne
30 1.234 ± 0.019 1.844 ± 0.015 3.174 ± 0.005 6.120 ± 0.075 1.078 ± 0.017 1.306 ± 0.009 1.736 ± 0.008 2.476 ± 0.044
64 1.223 ± 0.033 1.789 ± 0.022 2.954 ± 0.014 5.353 ± 0.126 1.098 ± 0.030 1.355 ± 0.016 1.797 ± 0.013 2.493 ± 0.070
TABLE VII: Normalised moments Cn and normalised factorial moments Fn of NB fit distribution for data at different energies
with different projectiles.
Normalised moments (SG) Normalised factorial moments (SG)
Energy (GeV) C2 C3 C4 C5 F2 F3 F4 F5
p-Em
27 1.194 ± 0.031 1.830 ± 0.027 3.262 ± 0.009 6.558 ± 0.056 1.066 ± 0.027 1.377 ± 0.015 1.995 ± 0.009 3.157 ± 0.058
67 1.225 ± 0.051 1.863 ± 0.052 3.209 ± 0.048 6.062 ± 0.022 1.133 ± 0.046 1.528 ± 0.038 2.255 ± 0.021 3.531 ± 0.015
200 1.243 ± 0.037 1.984 ± 0.032 3.629 ± 0.007 7.374 ± 0.083 1.170 ± 0.034 1.707 ± 0.023 2.786 ± 0.007 4.952 ± 0.090
300 1.281 ± 0.025 2.049 ± 0.027 3.760 ± 0.030 7.638 ± 0.027 1.216 ± 0.023 1.800 ± 0.022 2.996 ± 0.017 5.418 ± 0.004
400 1.259 ± 0.019 1.941 ± 0.020 3.399 ± 0.022 6.531 ± 0.025 1.200 ± 0.018 1.718 ± 0.016 2.739 ± 0.014 4.698 ± 0.009
800 1.212 ± 0.029 1.828 ± 0.035 3.111 ± 0.052 5.784 ± 0.089 1.163 ± 0.027 1.643 ± 0.030 2.572 ± 0.038 4.319 ± 0.057
p-Au
200 1.420 ± 0.091 2.591 ± 0.103 5.427 ± 0.117 12.467 ± 0.131 1.358 ± 0.084 2.325 ± 0.082 4.487 ± 0.068 9.326 ± 0.026
pi−-Em
50 1.115 ± 0.025 1.749 ± 0.012 3.153 ± 0.025 6.307 ± 0.138 1.014 ± 0.021 1.382 ± 0.005 2.086 ± 0.030 3.373 ± 0.102
200 1.270 ± 0.032 2.042 ± 0.025 3.808 ± 0.001 7.931 ± 0.077 1.188 ± 0.029 1.731 ± 0.016 2.861 ± 0.013 5.164 ± 0.082
340 1.102 ± 0.033 1.622 ± 0.037 2.685 ± 0.044 4.842 ± 0.057 1.034 ± 0.030 1.377 ± 0.028 2.004 ± 0.025 3.084 ± 0.022
525 1.240 ± 0.024 1.908 ± 0.023 3.403 ± 0.014 6.823 ± 0.016 1.178 ± 0.022 1.677 ± 0.017 2.723 ± 0.004 4.898 ± 0.030
pi+-Ne
30 1.190 ± 0.021 1.775 ± 0.020 3.079 ± 0.014 6.037 ± 0.011 1.037 ± 0.017 1.254 ± 0.011 1.690 ± 0.001 2.478 ± 0.022
64 1.213 ± 0.032 1.805 ± 0.032 3.084 ± 0.027 5.863 ± 0.005 1.086 ± 0.028 1.365 ± 0.020 1.889 ± 0.005 2.797 ± 0.020
pi−-Ne
30 1.243 ± 0.018 1.909 ± 0.018 3.438 ± 0.012 7.027 ± 0.012 1.086 ± 0.015 1.364 ± 0.009 1.933 ± 0.002 3.004 ± 0.023
64 1.229 ± 0.036 1.829 ± 0.038 3.096 ± 0.039 5.775 ± 0.034 1.105 ± 0.031 1.393 ± 0.025 1.910 ± 0.014 2.759 ± 0.004
TABLE VIII: Normalised moments Cn and normalised factorial moments Fn of SG distribution for data at different energies
with different projectiles.
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Normalised moments (WB) Normalised factorial moments (WB)
Energy (GeV) C2 C3 C4 C5 F2 F3 F4 F5
p-Em
27 1.185 ± 0.030 1.757 ± 0.020 2.954 ± 0.017 5.478 ± 0.139 1.055 ± 0.027 1.304 ± 0.014 1.735 ± 0.016 2.432 ± 0.081
67 1.214 ± 0.042 1.818 ± 0.023 3.053 ± 0.040 5.583 ± 0.233 1.122 ± 0.039 1.483 ± 0.019 2.117 ± 0.032 3.170 ± 0.146
200 1.232 ± 0.027 1.949 ± 0.002 3.481 ± 0.100 6.811 ± 0.404 1.160 ± 0.026 1.673 ± 0.002 2.652 ± 0.079 4.492 ± 0.279
300 1.270 ± 0.020 2.003 ± 0.008 3.574 ± 0.034 6.986 ± 0.172 1.206 ± 0.019 1.759 ± 0.008 2.835 ± 0.027 4.901 ± 0.122
400 1.237 ± 0.015 1.877 ± 0.006 3.196 ± 0.023 5.931 ± 0.113 1.179 ± 0.015 1.658 ± 0.006 2.560 ± 0.019 4.216 ± 0.081
800 1.185 ± 0.022 1.759 ± 0.013 2.914 ± 0.017 5.230 ± 0.108 1.137 ± 0.021 1.581 ± 0.013 2.402 ± 0.013 3.880 ± 0.078
p-Au
200 1.420 ± 0.055 2.586 ± 0.045 5.390 ± 0.435 12.302 ± 1.809 1.358 ± 0.054 2.320 ± 0.039 4.454 ± 0.361 9.185 ± 1.364
pi−-Em
50 1.107 ± 0.023 1.663 ± 0.002 2.797 ± 0.063 5.127 ± 0.252 1.005 ± 0.022 1.294 ± 0.001 1.776 ± 0.046 2.542 ± 0.144
200 1.239 ± 0.027 1.925 ± 0.004 3.401 ± 0.073 6.637 ± 0.317 1.156 ± 0.026 1.617 ± 0.003 2.499 ± 0.058 4.156 ± 0.214
340 1.074 ± 0.028 1.554 ± 0.017 2.492 ± 0.018 4.313 ± 0.117 1.008 ± 0.027 1.317 ± 0.015 1.845 ± 0.013 2.700 ± 0.075
525 1.183 ± 0.021 1.727 ± 0.010 2.826 ± 0.024 5.062 ± 0.127 1.122 ± 0.020 1.504 ± 0.009 2.206 ± 0.020 3.465 ± 0.091
pi+-Ne
30 1.177 ± 0.021 1.671 ± 0.017 2.665 ± 0.001 4.667 ± 0.059 1.024 ± 0.019 1.159 ± 0.011 1.378 ± 0.005 1.691 ± 0.033
64 1.192 ± 0.030 1.708 ± 0.023 2.744 ± 0.007 4.822 ± 0.098 1.066 ± 0.028 1.275 ± 0.017 1.618 ± 0.008 2.137 ± 0.056
pi−-Ne
30 1.224 ± 0.018 1.806 ± 0.014 3.032 ± 0.004 5.637 ± 0.067 1.069 ± 0.016 1.273 ± 0.009 1.627 ± 0.007 2.187 ± 0.039
64 1.214 ± 0.032 1.754 ± 0.023 2.840 ± 0.008 5.013 ± 0.105 1.089 ± 0.029 1.323 ± 0.017 1.705 ± 0.009 2.275 ± 0.059
TABLE IX: Normalised moments Cn and normalised factorial moments Fn of WB distribution for data at different energies
with different projectiles.
Normalised moments (KW) Normalised factorial moments (KW)
Energy (GeV) C2 C3 C4 C5 F2 F3 F4 F5
p-Em
27 1.176 ± 0.032 1.728 ± 0.026 2.866 ± 0.001 5.232 ± 0.082 1.047 ± 0.029 1.278 ± 0.019 1.671 ± 0.003 2.289 ± 0.046
67 1.209 ± 0.044 1.799 ± 0.030 2.995 ± 0.018 5.425 ± 0.166 1.117 ± 0.041 1.465 ± 0.025 2.069 ± 0.015 3.060 ± 0.101
200 1.216 ± 0.027 1.891 ± 0.003 3.301 ± 0.074 6.283 ± 0.303 1.144 ± 0.026 1.618 ± 0.003 2.496 ± 0.056 4.085 ± 0.200
300 1.252 ± 0.020 1.943 ± 0.011 3.394 ± 0.021 6.476 ± 0.123 1.188 ± 0.019 1.702 ± 0.011 2.680 ± 0.015 4.507 ± 0.083
400 1.224 ± 0.015 1.836 ± 0.008 3.084 ± 0.016 5.643 ± 0.087 1.166 ± 0.015 1.619 ± 0.008 2.462 ± 0.012 3.991 ± 0.060
800 1.175 ± 0.022 1.727 ± 0.015 2.830 ± 0.009 5.025 ± 0.082 1.127 ± 0.021 1.550 ± 0.015 2.327 ± 0.005 3.714 ± 0.056
p-Au
200 1.386 ± 0.064 2.467 ± 0.008 4.994 ± 0.291 11.060 ± 1.286 1.325 ± 0.062 2.207 ± 0.005 4.102 ± 0.235 8.181 ± 0.948
pi−-Em
50 1.109 ± 0.023 1.670 ± 0.003 2.821 ± 0.056 5.201 ± 0.225 1.006 ± 0.022 1.300 ± 0.002 1.796 ± 0.039 2.590 ± 0.123
200 1.229 ± 0.028 1.890 ± 0.011 3.292 ± 0.046 6.318 ± 0.224 1.147 ± 0.027 1.584 ± 0.010 2.405 ± 0.034 3.918 ± 0.143
340 1.073 ± 0.028 1.543 ± 0.018 2.462 ± 0.012 4.243 ± 0.098 1.007 ± 0.027 1.307 ± 0.016 1.820 ± 0.008 2.650 ± 0.061
525 1.181 ± 0.022 1.713 ± 0.014 2.786 ± 0.010 4.964 ± 0.084 1.119 ± 0.021 1.490 ± 0.013 2.171 ± 0.007 3.391 ± 0.056
pi+-Ne
30 1.176 ± 0.022 1.666 ± 0.020 2.652 ± 0.009 4.638 ± 0.031 1.023 ± 0.020 1.155 ± 0.013 1.370 ± 0.002 1.680 ± 0.018
64 1.190 ± 0.032 1.698 ± 0.026 2.716 ± 0.006 4.756 ± 0.060 1.063 ± 0.029 1.266 ± 0.020 1.599 ± 0.002 2.102 ± 0.033
pi−-Ne
30 1.217 ± 0.020 1.780 ± 0.018 2.950 ± 0.008 5.401 ± 0.032 1.062 ± 0.018 1.250 ± 0.012 1.569 ± 0.001 2.061 ± 0.021
64 1.211 ± 0.033 1.742 ± 0.028 2.805 ± 0.006 4.924 ± 0.065 1.086 ± 0.031 1.312 ± 0.021 1.679 ± 0.002 2.225 ± 0.035
TABLE X: Normalised moments Cn and normalised factorial moments Fn of KW distribution for data at different energies
with different projectiles.
